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Abstract 

Macdonald symmetric functions have two parameters q, t and they contain 
Jack symmetric functions and Schur symmetric functions as the specialization of 
these paremeters. Macdonald symmetric functions can be defined as the eigen- 
functions of Macdonald operators which consist of a commutative family [I]. By 
the specialization of the parameters, which means to take the limit h to on 
condition that q = exp(h),t = exp(/3h), we can see Jack symmetric functions ap- 
pear. From the viewpoint of operators, when we calculate the Taylor expansion 
of Macdonald operators around h = supposing that q = exp(h),t = exp{j3h), 
we can see Dunkl operators appear as the coefficient of h l and h 2 . These Dunkl 
operators also consist of commutative family which act on the space of symmetric 
functions, and have Jack symmetric functions as eigenfunctions [2j. The degree- 
two-Dunkl operator is the same as the 'Calogero-Sutherland-Hamiltonian' and 
it appears as the coefficient of h 2 of the h-expansion of Macdonald operators. 
Therefore, it is natural to expect that there appears higher degree Dunkl op- 
erator as the coefficient of higher order of h. Although we can ascertain that 
the coefficients of h l ,(i > 4) don't always commute with the coefficients of lower 
order, we can verify that the coefficients of within the third degree always com- 
mute each other by writing them down as the polynomials of Dunkl operators. 
The object of this paper is to exhibit the calculation minutely, especially the 
third order of Macdonald operator's /i-expansion. 
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1 Introduction 



Macdonald operators are defined as follows, which act on the space of symmetric 
functions Q(q, t) ® A n . 

\I\=ri£l,j£l 3 iel 

Tq t xif (•Ely ) 3*1 ) ) ^<ra) fy^l} > ) ^n) 

i and g are indeterminant. J runs all subsets of {1, • • • , n} which have r elements. 
The fundamental reference is pp. Next, we have to achieve the /i-expansion of these 
operators supposing that q = exp(h),t = exp(j5h). So, the operators which appear as 
h k, s coefficients have still one parameter (3. First ^.T^ is expanded as 



1 + Ph + ^f- + • • • )xi - Xj 



J J fc—i 

And T q ^ x acts on the x m as 

OO OO 

T q , x x m = q m x m = (J2™ k h k /k\)x m = (J2(xd x ) k h k /kr 

k=0 k=0 

Therefore we can ascertain the following expansion 

oo 

T q , Xi = ^(x^h'/kl = exp(h(x t d Xi )) (1) 

fc=0 

Furthermore, the operator Xid Xi and Xjd Xj commute, we can also conclude the following. 

T q , Xl T q , X2 ■ ■ -T q>Xm = exp(h(x!d Xl + ■■■ + x m d Xm )). (2) 

We often use the notation <9; instead of d Xi . 

When we are engaged in the calculation of the coefficient of h m , the part free from 
any derivation operator can be calculated ignoring all g-shift operators T qyXi . This scalor 
part is 'the /3 m -coemcient' of the ^-coefficient in fact. Therefore it is very convenient 
to calculate the scalor part beforehand by ignoring all T qjXi s. Then, naturally there 
appears 't-binomial'. To clarify its h-expasion is the main object of next section. 
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2 The /i-expansion of t-binomials 

Definition 2.1 The t-binomial is defined as 
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We often use the notation 


n 


instead of 


n 






r 




r 



from the definition. 
Lemma 2.2 
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The following lemma is directly proved 
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(3) 
(4) 



Proof. 



1-t 



n-l 



1-t 

1 - t"" 1 



i 4-n—r+l , i -in—r 

/ i + r 



1 - /' 1 v i - / 

i - t"- r+1 i - 



LHS. 



1-t 1 - p- 1 1 - f 

Another identity can be proved similarly. 

This formula above characterizes the t-binomial. That is, if 



n 




n 







n 



□ 

1 and 



the relation (j3J) or (j3J) is true, all t-binomials are uniquely determined inductively. 
Therefore, if a function F(n,r) satisfies fl3J), (jlj) and F(n,n) = F(n,0) = 1, we can 
n 



affirm F(n, r 
operators. 

Lemma 2.3 



From now on, again we deal with the scalar parts of Macdonald 



IC{l,-,n},\I\=rieI,j£I % 3 
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Proof. We call LHS F(n,r). First, F(n, 0) = F(n,n) = 1. Next, we observe LHS 
as the function of x\. The residue at x\ = x 2 is zero because if there is the set I which 
satisfies 1 G 1, 2 ^ /, there is always the set V with the property / \ {1} = /' \ {2}. By 
combining these two parts, the residues kill each other as 



ftXi-X 2 T-r tXi-Xk T-r tXi - Xj 

hm{x 1 -x 2 )< - 

xi->X2 I X\ — X2 ±J - X\ — Xk ±J - X; — Xj 

k0,k^2 3 



tXo 



X\ 



n 



tXo 



n 



Xo — Xa X 1 ) — Xi- X<j 

A 1 k£I>,k^l A K iW\{2},j0' 



(*-!)^ n 



tx 2 - x k 



n 



0C Q Ob £> \ 0C 4 

k0,k^2 i£l\m,j£I 



n 



iei'\{2},j<£i 



~fjOCq^ 0C j 

Ob j Ob 4 



Because of the symmetricity of the function, the residues of Xi = Xj(i,j G {!,-•• , n}) 



->t, 



Vj—Xl 



— >■ 



are all equal to zero. Taking the limit X\ — > oo, by the fact that — 
1, LHS becomes t n ~ r F(n — l,r — 1) + F(n — l,r). F(n,r) is holomorphic function 
of x\ and there exists the limit of x\ — > oo. So F(n,r) is equal to this 'constant' 
t n ~ r F(n — l,r — 1) + -F(n — l,r). (To affirm this is equal to a constant, The sup- 
position of the induction is necessary.) Because F(n,r) satisfies the relation (j3J), and 

n 
r 



F{n,n) = F(n,0) = 1, F(n,r) equals to 



□ 



Lemma 2.4 If we suppose t = exp((3h), the Taylor expansion of 



is equal to 



j t 



+ 



+ L A" r ] 



Tin 



24 I r ) - r )(( 3r + !)" - 3r2 + i)/ 3 ^ 2 



r (r + 1) (n 
48 



(n-r + l)(n-ryp 6 h 6 + 0{h 



Proof. The constant term is easily justified by lim^i \ \ n = —■ About the higher 
order of h, using the relation 



"n + 1 




n 




n 










r 




r — 1 




r 



(5) 
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we can prove the expansion by induction of n and r. In the case r = n and r = 0,the 



r)(3, we have to prove the equation 



lemma is trivially true. To verify the coefficient of h 1 , supposing that a„ ir = § ( n ) (n— 



dn+l,r — O n ,r-l + T (3 I I + d n , r . 



n 



These equations are obtained by comparing the coefficient of h 1: s coefficient of the 
With respect to h 2 , supposing 



n + 1 

relation ([5]). and we can ascertain the RHS is equal to | ( ^ ) (n + 1 — r)/3. 



we have to verify 



V- = ^ I™ ) ~ 0((3r + l)n - 3r 2 + l)/3 2 



/3 2 r 2 / n N 

a„+i, r = a n>r -i + —— 1 (n - r + 1) + a T 



Then, 



J2ff5 = ( U _ ^ U ^ - /3 2 {(r - l){n(3r - 2) - (3r 2 - 6r + 2)} 
+ (n - r){n(3r + 1) - (3r 2 - 1)} + (n - r + l)12r} 
= /3 2 ^ ^ X ) ^(n + 1 - r) ((3r + l)(n + 1) - (3r 2 - 1)) 



Q"n+l,r- 

About the coefficient of h 3 , supposing 

_ r 2 (r + 1) fn 
an ' r ~ 48 

we have to justify 



2n3 



(n — r + l)(n — r) (3 



Q>n+l,r ®n,r— 1 



+ a n , r + ^ Q ((3r + l)n - 3r 2 + 3r) (n - r + l)/3 3 



5 



The calculation of RHS is 

r 2 (r - l) 2 fn 



RHS 



48 



[n-r + 2)(n-r + l)f3 3 



+ ^(") ((3r+l)n-3r 2 + 3r)( 



n - r + 1)/3 S 







48 


v\ 






r 2 ( 


r + 


48 



- r + 2)(ra - r + l) 2 = a n+1< 



By the calculation above and the induction, the proof is completed. 



□ 



We can easily calculate the Taylor expansion of t 



r(r — 1) 



Corollary 2.5 On the condition that t = exp(/3h), the function t 2 
ing Taylor expansion. 



using the former lemma. 

has follow- 



r (r — 1J 



r(r — 1) 



+ ^ Q ((3r + l)n 2 + (l-7r)n + 2r)/3 2 /i 2 

+ ^ ^n(n-l)((r + l)n+l-3r)/3 3 /i 3 + 0(/i 4 ). 



r (r— 1J 



Remark 2.6 We repeat that the function t 2 
donald operator D r n . 



is the 'scalar part' of the Mac- 



3 The Dunkl operators 

In this section we introduce k-th Dunkl operator H^ and represent them explicitly. 
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Definition 3.1 k-th Dunkl operators are defined as follows. At the moment, they are 
supposed to act on the space of the functions of 



n 

J, ; 



... %i Xj . 

JJ=l J 1 = 1 

^irf f V^^-i ) i ^ji i ■En) I i Xj, j %ij j 3?n) 

These operators commute each other when they are regulated to the space of symmetric 
functions. (cf.[2]). 

Theorem 3.2 The operators commute each other when regulated to the space of 
symmetric functions. 

[H h Hj\ = Q, (l<i,j<n). 

Now, we calculate the explicit forms of them, more precisely, express them only by the 
derivations and rational functions. 

Lemma 3.3 

n 

Hi = yxjdj, 

i=l 



Proof. All we have to do is, to move all K^j to the left edge and regard it as the 
identity operator since they act on the symmetric functions. The formula is 



In the first one, the function / is regarded as the multiplication operator. Now, we 
proceed to the calculation. The Hi's form is trivial. For H2, d\ are calculated as 



= (xAi) 2 + — 3 — {xA - xjdj) 

. , . X{ Xj 
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This part contains x . x J x . (xidi — Xjdj) and d 2 contains x X l x . ( x j^j ~ X A)- When we 
combine them, we can obtain the term Xi+Xj (xid; — Xjdj). Therefore the result is 

Xi—Xj^ J J / 

immediately ascertained. □ 
For convenience, we introduce following denotations. 

Definition 3.4 We define the operators B kt i, L iy m as 



1 



il<i2<---<ik s= 



X i 

I Y\t^ s { X is ~ X k) 



i=l i<j 

m 2 ,i = J2(( X A) 2 ( X A) + i x l di){x j d j ) 2 ) 

i<j 

"11,1,1 = (i X i d i)( X A)( X k d k)j 



i<j<k 

L k and m are what we call monomial symmetric functions of a^s. 
(examples) 

For 3-variables, 

x\di x\d 2 x\d x x\d 3 x\d 2 x\d 3 

c 2 i = 1 1 1 1 V 



Xi — X 2 X 2 ~ X\ Xi - X 3 X 3 - Xi x 2 - x 3 x 3 - x 2 

xjdi - x\d 2 | xjdi - xld 3 | x\d 2 - xjd^ 

Xi - x 2 xi — x 3 x 2 - x 3 

For 4-variables, 

x\(xidi) 2 x\[x 2 d 2 ) 2 xl(x 3 d 3 f 



B, 2 = Zl^lZll _ + _ ZA^±1 _ + 



(x! - x 2 )(x ± - x 3 ) (x 2 -x 3 )(x 2 -xi) (x 3 - x 2 )(x 3 - Xi) 

xKxidj) 2 | x 2 3 (x 3 d 3 ) 2 | xl(x A d A ) 2 

(x ± - X 3 )(X! - X A ) {x 3 - Xi)(x 3 - X A ) (X A - Xi)(x A - X 3 ) 

xKxxdif | x\[x 2 d 2 ) 2 | xl(x 4 d 4 ) 2 

(Xi — X 2 )(x± — Xi) (x 2 — X±)(x 2 — Xi) (X4 — Xi)(Xi — x 2 ) 

x\{x 2 d 2 ) 2 | x\{x 3 d 3 ) 2 | x\(x A d A ) 2 

(x 2 - x 3 )(x 2 - x 4 ) (x 3 - x 2 ) (x 3 - x 4 ) (x 4 - x 2 )(x A - x 3 ) 
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According to these denotations, we can express Hi and H 2 as 

Hi = L u H 2 = L 2 + 2/3B 2A - (3{n - l)H x . 
This is the result of this identity 

xi + x 2 , X\ x 2 , 2{x\dx - x\d 2 ) 
\x\d\ - x 2 d 2 ) H ixidi + x 2 d 2 ) = . 

x 1 - X 2 Xi - X 2 Xi — x 2 

The following lemma is needed to summerize the /3 2 's coefficient of H 3 . In fact, this is 
nothing but the operator appearing as the coefficient of (5 2 in H 3 . 

Lemma 3.5 

E{ (E - (E t^-^ - x M } 

1=1 J^l J J^l 

= {-n + 3) J2 J~Z~j: ( >- r ' i) ' - + 6B ^ -(n-l)(n- 2)L X 

i<j 1 3 

= 2(-n + 3)S 2)1 + 6S 3) i-(n-l)L 1 . 



Proof. We fix i. First, we consider the part which contains at most two variables, 
more precisely the term like 

— ^ — (1 - K it i) — ^ — (xidi - xidi). 

Xi X[ Xi X\ 

This term is calculated as 

Xi Xi X\ . . Xi . . 

— — {Xidi - xidi) = — - — {xidi - xidi). 

Xi X\ Xi X\ Xi X\ 

When we sum them up for all i, there is also the part x ^ x (xidi — Xidi). By combining 
these parts, we can see 

E ~ _ ~ ( Xidi ~ x i d i) ( 6 ) 

. . Xi Xj 
Kj ■> 

appear. Next, we have to deal with the part containing three variables. Again i is fixed, 
then those parts are 

— 3 — (1 - KiJ) — ^ — (xidi - x k d k ) 

Xi Xj Xi Xfc 

H 3 — (1 - K itk ) — ^ — {xidi - Xjdj). 

Xi Xfc Xi Xj 



This is equal to 



2,X;di 2xiX k . r> \ . 2x$Xj , „ . 

+ 7 Vi dxkOk) + 7 rr^ ;{XjOj) 



{x>i Xj){Xi X k ) \X% 3'k)\<Ej Xfc) ('^'J ^fc) 

If we denote the part above as F it j^, there are also Fj^^ and F k ^j and we try to 
up these three of F and then, sum them up for all i, j, k. The result is 



j^^fc X j)( Xi x k)( x j x k) 

x (xi(xj x^Xidi 4~ Xj^Xfc x^Xjdj 4~ x k {x^ Xj)x k dkj ^ 



On the other hand, we can ascertain 

( Xi ~~T~ X i 



[n 



^<j<k fo^ - ^ + ( !' _ l k) ~ Xkdk) + 

\ tij 2, j % *^ k 3 *^ k 



0{ 2x jXfc^XiOi) 



2x)d 3 2x i x k (x j d j ) 



{Xj Xj^{Xj %k) *^k) 

2x\d k 2x i x j (x k d k ) 



{x k Xi){x k Xj) \X k Xi)\X k Xj) 

2B 3>1 - 2 { 1 



i<j<k 



{Xi Xj)(^Xi Xj)(^Xj X k ) 
X (^X jX k {x j Xf^jXiOi ~\- X%X k {x k X{)Xjdj ~\- XiXji^Xi Xj)x k 3 k *j \ . 

The numerator of the second term in ([7]) can be adjusted as 
numerator 







Xk) [x^ 


X ^ | X 2 X j | X 2 X X j X I X j X ^ X 2 d'l 


+ 


(x k 


Xi) {x j 


*^3*^fc ^j^i ^i-^k H - ^i^k^j^j^j 


+ 




— Xj)(xl 


Xj | Xj Xj ^ | Xj X> j Xj £ Xj j | Xj £ Xj j ^ Xj ^^k 




i x j 


Xk) {x% 


%k) H~~ %j3Ck)3Ci$i 


+ 


( X k 


Xi) (.X j 


(^Olj j Xj ^ ^ j Xj ^ | Xj £ Xj ^ Xj j 


+ 


(%i 


— Xj)(x k 
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This adjustment enables us to calculate the second term in the as 
2B 3A - 2 {xidi + Xjdj + x k d k } 

i<j<k 

x r l 



i<j<k 



^ 37 j 37 37 j 37 ^> ^ 37 2 (-^i I OC 2 37 37 ^ 37 jsi ^ 37 j O j I 37 2 37 j ^ 37 i 37 j ^ 37 

= 2B 3A - (n - l)(n - 2)L X + 2B 3 ,i - (n - 2) V ^— -^(.r,r7, - z^) (9) 



. Xi Xj 
K 3 J 



The last equality is justified by the calculation OH]). The sum of (jBJ),(lSJ),and the first 
term of (|7j) is equal to 

QB 3 1 + (3 - n) V ^^(x^ - Xj di) - (n - l)(n - 2)^. 
By the identity 



37 .j 37 'j 



- ± — J -{x i d i - Xjdj) = 2B 2 ,i - (n - 

we can affirm 

(3 — n) x » jl x i — Xjdj) — (n — l)(n — 2)Li 

= 2(3 - n)B %x - (3 - n)(n - l)Li - (n - l)(n - 2)Li = 2(3 - n)S 2 ,i - (n - l)Li. 

Therefore the lemma is proved. □ 
Now, we can proceed to the stage to express the third Dunkl operator. 

Proposition 3.6 H 3 is expressed as 

H 3 = L 3 + /3(3B 2<2 - (n - 1)L 2 - m hl ) 
+/3 2 (2(3 - n)B 2A + 6£? 3 ,i - (n - l)Li) 

Proof. 
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The coefficient of (5 2 is already justified by the former lemma. Then, we calculate 
the rest. The rest is 

+E((/ ? £^( 1 -^))((*< S <> 2 )) 

+ E E ~~Z — (( x ^) 2 ~ XidiXjdj) 
i j# Xi x i 

We remark the following identity 



E E (r L 3 T v ( Xidi - x i d i) = °- 

And if we always try to combine the two terms containing 1 ,the result of the 
calculation is 

L 3 + /3(3B 2)2 -(n-l)L 2 -77ii i i). 
(As the former calculation, the identity 

E 7^rM x ^ 2 ~ Wi) 2 ) = 2 ^, 2 - (n - 1)L 2 



i<j 



Ob £ Ob ' J 



is used.) Then, the proposition is proved. □ 



4 The first and second order of D r n 

After several preliminaries above, finally we proceed to the ^-expansion of Macdonald 
operators. 
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Definition 4.1 The Macdonald operators D r n (1 < r < n) are defined as 

0^^-^^ II 

Ju i <Aj n 

\I\=ri€l,j0 J i£l 

The set I runs all the subsets of {1, 2, • • • , n} containing r elements. 
(examples) 

D\ = — -T q , Xl + l -T q . 



X\ — X 2 X 2 — X\ 



2 [tX\ — X 3 tx 2 — X 3 

D 3 = t X< lq X1 l qX2 

I Xi - x 3 x 2 - x 3 
txi -x 2 tx 3 -x 2 

T J- q,xi -L q,X3 

X\ — X 2 X 3 — X 2 

tx 2 - x 1 tea, -xi 

t -L q,X2-*- q,xz 

X 2 — X\ £3 — X\ 



D r n acts on the space of the symmetric functions of which coefficient is Q(q, t). Mac- 
donald operators D r n have following important property of commutativity pp. 

Theorem 4.2 The operators D r n commute each other. 

[D r n ,D s n }=0. 

Now we are engaged in their /i-expansion supposing that q = exp(h) and t = exp((3h), 
around h = 0. That is, we have to calculate the coefficient of h k (k = 1, 2, 3) of the 
following operator as we previewed in the introduction of /i-expansion. 

*z{ n (i + ^ e ffi n t 1 + e + ' t i + — )fc ) } 

/ ieij^i 1 3 k=i ' i c ei fc=i 



When we calculate the coefficient of /i m , the scalar part (the part without any deriva- 

n 
r 

the coefficient of (3 m and is already calculated in the section 2. From now on, we call 
the coefficient of h k the k-th order. 



tions) is only comes from t r(r 



as mentioned before. In fact, this scalar part is 
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Proposition 4.3 The first order of D r n is 

n - 1\ ,P r fn\, v 
r-lJ Ll + T W (n " r) - 

Proof. The coefficient of /3 1 is already calculated in the section 3. From the operator 

T • • -T 



n — f 

x±di is equal to I 1 ) , the result follows. □ 



as the coefficient of h, Xidi + • • • + x r d r appears. Since the number of appearance of 

n — r 

r — 1 

Proposition 4.4 The second order of D r n is 



K"-0 if2+ K"-2) i/? 

+ ?Ya^) ((3r + iy + (l-7r)n + 2r) 



Proof. We deal with f^/ 2 and £ f] -^rY[T q , x% apart. Once, we fix 7 as the 
set {1, 2, • • • , r}. Then, the coefficient of /i 2 of the operator part is 



X\ X\ 

— + ••• + 



x 2 



+ 



x 2 - x r 



+ — \ (xidx H h x r d r ) 

+ Vx r d r ) 2 . 

From the first part the type of terms Xl ^ 9 ^ are calculated as B 2 i and the number 
of these terms, when I runs all subsets, equal to r(n — r) ( n j .But to make the term 
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1 x—J. 3 ; two terms are necessary and each B 2 ,i has nl " 2 ' terms. Therefore the part 
concerning B 2t i is finally equal to 

MV J \rj2n{n-1) * ' \r - I ) 2,1 
And the type of terms Xi ^ Xk9k ^ U k) are calculated as LA— Hi) by combining like 

-(x k d k ) H — — (x k d k ) = x k d k . 



When the set J runs, the number of these terms is r(n — r)(r — 1) . To create L±, 

we have to take two terms and each L\ has n terms. Therefore these type terms are 
summerized as 

Br(n — r)(r — 1) | ) — Li 
v A 1 \r) 2n 

And when the subset I runs,the part |(:ei<9i + • • • + x r d r ) 2 is finally summerized as 

1 (n- l\ T fn-2\ 
2\r-l) L2+ V-2) m ^ 

Still, we have to observe the terms generated from the h 1 of t r< - r ~ 1 ^ 2 and h 1 of operator's 
part. This term is calculated like 



^ r(r ij j2( Xl d 1 + ...+ Xr d r ) 



i 



_ a r(r - 1) /n - l\ , 
- ^ 2 l r- - 1 ' 
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Then, the tentative result is 



1 (n-l\ T (n- 2\ 

2 r-1 L2+ (r-2 lm " 



r(r - 


■1) 


2 




(n — 




\j- — 


2 2 ) 


r{r - 


-1) 


2 




r(n — 


1) 


2 



2 



u ;z^+^(;z^+U;z 2 2 k. 



Adding the scalar part introduced in the section 2, the calculation is completed. (If 
r = l,the coefficient of H\ is regarded as zero.) □ 



5 The third order of D r n 

This calculation is the main result of this paper. To clarify the procedure, we divide 
the calculation with respect to the degree of (5. Again the /3 3 part is already calculated 
in the section 2. After clarifying the total form of third order of D r n , we try to express 
them as the polynomial of H^. All of the lemmas in this section is about the third 
order of D r n . 

Lemma 5.1 The coefficient of f3° is 

K:= 2 3 )^ + K;: 2 3 )^4(;:a 3 )^ 

Proof. This part comes only from h 3 of J2i ELe/ T^.Then, we fix / as the 
set{l, • • • , r}. First, 

i(xi(9i H h x r d r ) 3 

+ ^ (xidi)(xjdj)(xkdk). 

i<j<k 
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When I runs all subsets containing r elements, (xidi) 3 appears ^ times, (:ri<9i) 2 (:r2<92) 

appears times, (xidi)(x 2 d 2 )(x 3 d 3 ) appears times. Therefore we can 

calculate the sum as 

I (r - L * + Ur - 2) ^ + (r - 3) ^ 



By using the relations 



l r3 l r 1 

-L x = -L 3 + -7712,1 + 7711,1,1, 



L2-H1 = ^3 + m 2 ,i, 

the final result is easily ascertained. □ 

Lemma 5.2 The coefficient of (5 1 is 

n - 3\ n-2r r(r — 1) f n\ 

#2,2 H ; I I L 2 



r-2J 2(r-l) z,z 4 
n ~ 3\ /?7 - 3\ 77(77 - 1) 



Proof. As the preceeding proof, first we calculate without the factor f ( r_1 )/ 2 . Again 
we fix the set / as {1, • • • , r}, but all of the tentative results below are obtained always 
after / runs all the subsets containing r elements. We have to calculate 



X\ X r --\.\ X\ x n 



Xo %2 

+ — - — + ••• + 



x 2 — X r+ \ x 2 — x n 

X >p X >p 

+ — + ••• + — - — 

X f X y _|_ X ^ X 

X 



} 



{i((*A) 2 + • • • + (x r d r f) + Yjix&Kxft)). 

i<j 



In this proof, we suppose that i, j, k, I are all distinct. The number of the terms X . X J X {xidij' 
1 in all, and every 2 I ^ 
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is r(n — r) I n J in all, and every 2 (" j terms corresponds to one _B 2 ,2- Therefore, this 



part is calculated as 

lfn-2 
2 \r - 1 



B 2 , 2 . (10) 
The number of the terms x x l Xk ( x jdj) 2 is r(n — r)(r — 1) in all. If they are 



combined like 



X{ X k X k X\ 

2n terms correspond to one L 2 . So this part is equal to 



4 V r 



r(r-l)L 2 . (11) 



The number of the term x x 2 Xk { x A){xjdj) is r(n — r)(r — 1) {^j • And combining 
2{n — 2) terms we can obtain the term like 

— _ Xkdk {xidi H h aS?H h x3^H h x n d n ) 

Xi X k 

(The overbrace means omitting.) And this is calculated as 

xfdi - x\d k Xi(xidi) 2 - x k (x k d k ) 2 

— Li\ 

X\ X k X{ X k 

-(xidi)(x k d k ). 

Furthermore, every (^j ' um ts' above corresponds to one -82,1^1 — -82,2 — There- 
fore the terms of X X J, (xidi)(xjdj) are finally summerized as 

("Z2) Mi-5 2 ,2-mi,i). (12) 



x 



About the terms x x l Xk ( x jdj)(xid[), the number of them is equal to r(n — r) 

( - r ~ 1 ^ r "~ 2 ) since for each i, the number of pairing (j, /) is equal to ( r " 1 K r ~ 2 ) _ To obtain a 
(xjdj)(xidi), it takes two terms, and each has n( - n ~^ terms, therefore these terms 
are summerized as 

. f n \ (r-l)(r-2) 1 2 (r - l)(r - 2) fn - 2\ .... 
r(n-r)[ 77 x -— -m n = - ^ , )m 11 . (13) 
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Now, we proceed to the part generated by the coefficient of h 1 in t r ^ r and the 
coefficient of h 2 in the operator part. Then, we have to deal with the terms like 

f-^^{\{x l d 1 + --- + x r d r ) 2 }. 

They are summerized as 

The sum of fl^ . (ITT]l ,(pl), (Pll ,and pi) justifies the lemma. n 

Lemma 5.3 The coefficient of ft 2 is 

n — 3\n — 2r (r — l)n + r fn — 2\ 
r-2 — T S " + 2 U-lJ V 



Proof. As the former lemmas, first we begin the calculation without the factor 
£r(r-i)/2_ p Qr s i m plicity, the subset / are fixed as {1, ■ • • , r} but the results of the 
calculation are obtained always after / runs all subsets containing r-elements. We 
have to deal with 



Xi X\ 

+ ■■■ + 



+ - + ••■ + " ) 



The terms generated from the part like 

/y^ — x, — \ ^ , ^ ^ ^ ^ . 

are summerized just as the preceeding lemmas. The result is 

1 fn — 2^ „ 1 fn — l\ / „ Nr _ N 
£2,1 + 7 „ r(r-l)Li. (15) 



2\r - I ) ' 4 \ r 
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Now, we divide the terms of -, ^ r into three types and also exhibit the number 

of the terms. We suppose that k, I are all distinct. 
type-1 

xf (n — r\ (n 



type- 2 



type-3 



(Xi -X k )(Xj -xi)' V 2 



XiXj r(r - 1) fn 

■(n-r) 1 



(xi - x k )(xj - x k y 2 V r 

1 

-{n — r)[n — r — 1 



XiXj r(r — 1) 



(xi - x k )(xj - xi)' 2 
We begin with type-1 terms. If we take the product with Xidi, they are calculated as 
one B 3i by combining 3 (») terms. And if we take the product with xA (i + .), 
we can see one L x appear by combining 3n terms due to the identity 

rp 2 ,-v-j 2 ™ 2 

+ 7 T7 T + 7 T7 7 = 1- 



(x ± - x 2 )(x 1 - x 3 ) (x 2 - Xi)(x 2 - x 3 ) (x 3 - xi)(x 3 - x 2 
We can summerize the calculation of type-1 terms as 

;:?)M;;i)*^- (16) 

Then, we proceed to the type-2 terms. Just as the techniques used in the calculation 
of H 3 , we can prove next identity. 

f XiX j{Xi&i ~\~ XjOj^j ^ XiX k {Xi&i ~\~ X k O k ^j ^ XjX k (^XjOj ~\~ X k O k ^j 

-S 3) i + (n - 2)S 2)1 . 

Therefore, Since the number of the terms like p^^+^i) j g r(r-i) / _ \ / n j j-^ 
combining 3 ( n J terms together, we can ascertain the sum is equal to 



( n r _iy-B 3A + (n-2)B 2A ). (17) 
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If we make the product like 



x (.„<),)■ 



they are summerized as L\ by combining 3 parts due to the identity 

x\x 2 ^ x 2 x 3 ! xix 3 ^ 



(X! - X 3 )(x 2 - X 3 ) (x 2 - Xi)(x 3 - Xi) (x 1 - X 2 )(X 3 - X 2 ) 

Since the number of the product like ( x ._x*y^.--x k ) x ( x $i) * s r( ' r 2 1 ^ (n — r) {^j ( r — 2), 



we obtain 



* ~ % - r) h (r - 2)/(3n)L 1 = (" " ^ ^zJ^i, ( 18 ) 



2 V r / V r / 6 

Then, we can proceed to the type-3 terms. If we take the product with (xjdj) or (xjdj), 
we can calculate them just like 



(xi - X 3 )(x 2 - X 4 ) (Xi - X 3 )(x 4 - X 2 ) X1-X3 

Therefore these terms are summerized as -82,1- Since the number of these terms 
-, ^ T (xi90 or t ^ -Axjdj) is equal to W(r-D(n-r)(n-r-i) (n\ and 

it takes 4 "^"~ 1 - > terms to make one -82,1! they are summerized as 

(n-rXn-r-l)/'^ (1Q) 



2 \r ~ 2 

If we take the product the type-3 terms with (x s d s ) (s ^ they are summerized 
as L\. More precisely, to make a (x s d s ), Since 

xix 2 _^ X4X2 



(xi - x 4 )(x 2 - x 5 ) (x 4 - xi)(x 2 - x 5 ) 
X1X5 x 4 a: 5 



(xi - x 4 )(x 5 - x 2 ) (x 4 - xi)(x 5 - x 2 ) 

it takes 4 terms. On the other hand a L\ has n terms, therefore the sum is 

n\ r(r - 1) 1 

1 'n - r)(n - r - 1) x (r - 2) x — x L x 



rj 2 'An 
1 /n-1 



r-3 



(n - r + 2)(n - r + l)(n - r)(n - r - l)Li. (20) 
21 



Still, we have to calculate the terms generated by the product of h 1 coefficient of 
£r(r-i)/2 anc j ^2 coe fg c j en ^ Q f the operator part. Also we have to deal with the terms 
generated by the product of h 2 coefficient of £ r ( r-1 )/ 2 and h 1 coefficient of the operator 
part. They have the form like 

^■Ph e, (-*— + ...+ Xl 



ry ff - -7-* 

+ r2(r ~ 1} V x {^ 1 9 1 + .-+ Ir a r )}. 

They are calculated just as preceeding lemmas. The result is 
r(r — 1) / fn — 2\ „ 1 Ai — T 



H — — J (xi^i H V x r <9 r ) I 



2 



((r-l) ^ 1 + Kr-2) + 



By taking the sum of (jI51). fllBjl . (fTTI). (jig) . (jI5j|. ([2"0]) .and (EI) , the lemma follows. n 

For convenience, we represent the explicit form of the third degree of D r n . As to 
the coefficient of /3 3 , refer to the section 2 on t- binomials. 

Un-Z\n-2r L l ( n-^ L l(n-Z\ H! 



q \ r - 2 J r - 1 6 2\r-2) A 1 ' Q \r - 3 

+ 4(;: 2 3 )^) b - + ^(;)^ 

+ (;: 2 3 )^ + (;: 3 3 )^u 



+ (:: 1 1 )^((3-2) n - r )L 1 } 
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6 The expression of the third order of D r n by Dunkl 
operators 

In this section, we finally try to express the third order of D r n by the polynomial of 
Dunkl operators {k — 1, 2, 3). As to the explicit form of H^, refer to section 3. 

Theorem 6.1 The third order of D r n is expressed as 

n 2 (3r- 1) -7rn + 6r (n-2\ aTT 
+ 12(^2) [r-l)^ 

l/n-3\ 3 g At - 3\ (3r 2 - 3r + l)n 2 + (-9r 2 + 6r> + 8r 2 - 6r 2 
+ 6 V r - 3 7 1 + 12 V r - 1 / (n-r)(n-r-l) 1 

+ ^((3r + l)n 2 + (l-7r)n + 2r)^: i 1 )iJ 1 
+ ^s^ r! n(n^ ((r + 1)n+1 _ 3r)> 

Proof. We begin with the subtraction of next two operators 

Q\r-2)^—l H ^ 2\r-2) H2Hl 
from the third order of D r n . Then, we can annihilate the terms 

k(;: 2 3 )^-(:-" 2 3 ) b ^}' 

2 /n-3\ n-2r 

Just after this subtraction and the calculation of representing the term L 2 ,L 2 ,and m^i 
only by L 2 and L l5 we can ascertain that the coefficient of (3L 2 and /3 2 B 2j i are equal 
to 

n 2 (3r - 1) - 7rn + 6r /n - 2\ n 2 (3r - 1) - 7rn+ 6r /n - 2\ 
12(n - 2) I 7 "" 1 /' 6(n-2) V r " V 
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respectively. Therefore by subtracting 

n 2 (3r — 1) — 7rn + 6r fn — 2 



12(n-2) \r-l 



we can also annihilate those two terms. Still,there is the task of calculating the coef- 
ficients of L™(= H™), (m = 1,2,3), and by clarifying these coefficients the proof is 
completed. □ 

(examples) 

The third order of D 2 n is 

6 2 12 

+ /»Z»^2flf + ^-i)(^-i3» + 4) Li 

+ ^^£(3 n -5). 



The third order of Dl is 



I# 3 + ^-J^tf 2 + 1/3^ 
6 3 12 ^ 2 12' 1 

(n-l)(2n-l) 2 , n\n - if 3 
+ 12 P Hl + 24 P ■ 



Remark 6.2 The adjustment like 

fn - 3\ n-2r _ / n - 3\ (w - 2r) 
\r-2J r-1 \r-ly n-r-1 

is needed when we apply the result to the case r — 1. 

Because the family {-£4} is commutative, the following commutativity is justified. 
D r n (h l ) means the i-th order of D r n . 

Corollary 6.3 

'D r n (h%D a n (wj\=0, (i,j = 0,1,2,3, l<r,s<n). 
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7 The partial result on the forth order of D 



We can ascertain by experiments that more than forth order of D r n doesn't always com- 
mute with the operators of the second or third order of D s n . Therefore, D'^h' 1 ), (i > 4) 
can't be expressed only by the Dunkl operators in general. But we can ascertain the 
following fact on the t-binomial's Taylor expansion around h — 0. 



Lemma 7.1 If we suppose t = exp((3h), the coefficient of h 4 of 

{n ~ r)r/?4 Q {(15r 3 + 30r 2 + 5r - 2)n 3 + (-3r + l)(15r 3 + 25r 2 - 4)n 2 
+ (45r 5 + 30r 4 - 60r 3 - 12r 2 + 7r - 2)n + (-15r 4 + 30r 2 - 7)} 



5760 



Proof. Just as section 2, in this case we have to verify (now, we ignore (3 A .) 



a n+ i >r = a n , r + a„ jr _i + — (n - r + 1) (n + r + nr - r ) 

4o \ ' 

on the condition that a n ^ r is equal to the form in the lemma. If we define b n ^ r as 
a n,r = b n ,r x (^j ' ^ ne identity that we have to verify becomes 

b n+hr (n + l)r = b ntr (n - r)r + 6„, r _ir(r - 1) 

+ 120r 3 (n-r + l) 2 (n + r + nr-r 2 ). 

Then, 

= (n+l)r|(15r 3 + 30r 2 + 5r-2)n 3 

+ (-45r 4 -15r 3 + 115r 2 + 27r-10)n 2 

+ (45r 5 - 60r 4 - 135r 3 + 128r 2 + 46r - 16)ra 

+ (-16r 6 + 45r 5 + 15r 4 - 105r 3 + 36r 2 + 24r - 8) } = (n + l)rb n+1>r 

□ 

By using the lemma above, and the results in the section 2, we can ascertain next 
Corollary. 
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Corollary 7.2 On the condition that t = exp(/3h), the coefficient of h 4 of t r(r ^ 
is 

r/3 4 



5760 



(jf) {(15r 3 + 30r 2 + 5r - 2)n 4 - 2(45r 3 + 20r 2 - 7r + 2)n 3 
+ (125r 3 - 54r 2 + llr - 2)n 2 - 2r(r - l)(9r + l)n - 8r 3 }. 



Now, the 'scalar part' or /3 4 -part of D r n {h A ) is already calculated. Then, we proceed 
to the calculation of the part containing derivative operators. But no little amount 
of the calculation can be attributed to the methods introduced in the former sections. 
Furthermore, because there is no definite goal of calculation (the result cannot be 
expressed only by Dunkl operators), we only introduce the most complicated part 
newly needed for D r n {h 4 ) in this section. The part is 

Elf E 7 „ XiXiX \, tWE 

Just as the calculation of D^(h 3 ), we devide the rational function part into six types. 
And we also represent the number of terms after I runs all subsets containing r ele- 
ments. We suppose that k,p, q, and s are all distinct. 
type-1 

3 / 

'n — r)(n — r — l)(n — r — 2) 



type- 2 



ViXjX h r(r-l)(r-2) 

(n — r) 



n 



\Xi Xp^i^Xj Xp^i^Xfc •Ep) ^ 

type-3 

X ^ J _ r(r -1) (n - r)(n - r - l)(ra - r - 2) , 

[Xi XpJyXi XqJyXj X s j Z 

type-4 

XiXjXk {n — r){n — r — 1 



r(r — l)(r — 2) 



(ajj Xp){Xj %p){%k "Eg) ^ \^ 
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type- 5 

XiXjXk r(r-l)(r-2) / /, 

7 w — w 7) 7f -(n — r)(n — r — l)(n — r — 2) 

type-6 

2 / 

x j , -, x / x / -\ I n 



-, r(r — l)(n — r)(n — r — 1) 



Now, we observe how the terms are summerized for each types. 
Lemma 7.3 The type-1 terms are summerized as 

n-A\ ( r + 2 )(r 3 -r) fn-l\ 



Proof. If we take the product with x^, the terms are combined as B 4jl . Each £? 4il 
4 



has 4(^1 terms, so the coefficient is 



-in — r)(n — r — l)(n — r — 2) ( n ) x — = I 4 
6 V A A '\rj f n \ \r-lj 

V 4 

If we take the product with Xjdj, (j ^ i), they are summerized as L\. Because 4-pieces 
of 7 w — i — w r make 1, and j can be chosen from r — 1 numbers, the coefficient 

yXi Xp ) \ Xi Xq ) {Xi Xs ) 

is 

: {n — r){n — r — l)[n — r — 2)[ x (r - 1)— = ! 



6 V /v /v 7 W 4n 24 Vr + 2 



Lemma 7.4 The type-2 terms are summerized as 

'n-4\ x - f XjXjXktxjdj + Xjdj + x k d k ) 

| XjXjX^Xjdj + Xjdj + xidi) XiX k xi{xidi + x k d k + xfli) 



□ 



(Xi - X k )(Xj - X k )(xi - X k ) (Xi - Xj){x k - Xj)(xi - Xj) 

XjX k xi{xjdj + x k d k + xidi) -\ i r(r - l)(r - 2)(r - 3) (n - 1 



(xj - Xi)(x k - Xi)(xi - Xi) / 24 \ r J 
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Proof. On the former part of the result, because each 'unit' has 4 y^j terms, and 
because we have to take the product with one (xj<9j + Xjdj + x^dk), the coefficient is 

For Li, we have to take the product with xfli, (/ 7^ k) and I is taken from r — 3 
numbers. And since 4 pieces of 7—3 — ^r^k — — correspond to 1, the coefficient of 
L\ is finally equal to 

r(r-l)(r-2) /n\ (r _ 3) 1 _ r(r - l)(r - 2)(r - 3) - 1 



6 ' W y 4n 24 \ r 

□ 

Lemma 7.5 27ie terms of type-3 are calculated as 

r(r + l)(r - 1) (n - 2\ r(r - 1) / n - 3\ „ r(r 2 - l)(r 2 - 4) /ra - l\ T 

#2,1 + r „ #3,1 + 777 L. , o L l" 



6 V r + 1 / 2 V r J 12 V r + 2 , 

-And the terms of type-4 are calculated as 
rJr^V (n 2) ^ + <r-l£-2) £ - 3) ^ + (|> _ ^ 

(r + l)r(r - l)(r - 2)(r - 3) /n - A r 
+ 12 [r + l) Ll - 

Proof. We begin with the case of type-3. If we take the product with Xidi, by 
combining two terms, we obtain one -, r. And by combining 3x1™] pieces 

(Xi—X p )(Xi—X q ) \0 J 

of them, we can obtain one -83,1. Then, the result is 

r(r-l) fn\ 1 1 rjr -1) (n - 3\ 

-(n-r)(n-r-l)(n-r-2) -— ^^3,1 = ^ B 3 ,i- 



2 W 2 /n\ ' 2 V r 

51 3 

If we take the product with Xjdj, by adding three terms together, we can see one 
x appear. And by combining them 2 n{n ~ ' times we can create one B 2 ^. Then, its 
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coefficient is 

r(r-l) , v ru ,H 1 r (r + l)(r-l) f n -2\ 



There is still the product with Xkdk, (k ^ k can be chosen from r — 2 numbers, 

2 

and 6-pieces of -, v XiX] v correspond to 1, and a L\ has n terms. Then the 

\X% XpjyXj XqjyXj Xs) 

result is 

- 11 <» - 0(» - r - !)<„ - r - 2)<r - 2)^ = h ~]\ Ll . 



2 v Jy Jy Jy %n 12 V r + 2 , 

The calculation of the type-4 terms is almost the same as type-3. But instead of the 
term like -, Xj £ L r, we must deal with the term like XlXj ( x ^ +x 3 d ^ _ These terms are 

\Xi Xp )\Xi Xq ) [Xi Xp JyXj Xp ) 

summerized as —-83,1 + (n — 2)j5 2 ,i- (Refer to the section 5, the calculation of type-3 
terms.) □ 

Lemma 7.6 The terms of type-5 are calculated as 

(r + l)r(r - l)(r - 2) (n - 2\ r(r - 3)(r 2 - l)(r 2 - 4) fn-l\ T 

r + 1 B2 > 1 + 48 U + 2j Ll - 



Proof. If we take the product with Xidi,Xjdj,or XfcC^and combine four terms, we 
can obtain the term like ' * . Next, by combining them 2 „ 
j9 2 ,i appear. Therefore, this part is summerized as 

" 1)(r " % -r){n-r-l){n-r-2) ( U ) 3 —-B 2A 



6 W , ., f" 

4x2f 2 



(r + l)r(r- l)(r-2) - 2 

r + 1 



#2,1- 



If we take the product with x m d m , (m 7^ k), m can be chosen from r — 3 numbers 
and 8-pieces of -, ^ 3 X ^ correspond to 1. And since each L\ has n terms, 

r (x i -Xp)(x j -x q )(x k -x s ) r 1 ' 

the result is 

r(r - " 2) (n _ r)(n _ r _ 1)(n _ r _ 2) /ra\ ^ _ 3) J_ Li 



6 yv 7 \ r / Sn 

r(r-3)(r 2 -l)(r 2 -4) / n - l\ . 



24 V r + 2 
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□ 

Lemma 7.7 The terms of type- 6 are summerized as 

5r(r + l)(r- l)(r-2) /n - T 



+ 



24 \r + 1 



r-27 ^ 



\j\=2 n«ej,p^ 



i<j<fe<i \J\=2 '■^J,P^A Xi x p> 

_ (YiieJ x i) (SiG J x i) (X) p g j x p) (52ieJ x $ i 

T[i£j,p(£j( X i ~ X p) 

The set J is the subset of {i, j, k,l} . 

2 

Proof. First, we take the product with x m d m , (m^i,j). 24 pieces of 7 u XiXj u T 

\Xi—Xp)\Xi—Xq)\Xj—Xp) 

amount to 5. (The set {i,j,p, q} is fixed. After the all action of forth symmetric group, 
by summing them all up, this calculation is easily justified.) Therefore, the calculation 
is 

r(r - l)(n - r)(n - r - 1) f™) x (r - 2)-^-^ 



/ y 24n 
5(r + l)r(r- l)(r-2) /n - 1 



24 V r + 1 



Now, we proceed to the product with (xidi + Xjdj). If we sum them up after the action 
of interchanges (p,q), and (i,j)(p,q), we can obtain the term 

4x?x?(xidi + xjdj) XiXj(xi + Xj)(x p + x q )(xidi + Xjdj) 



(Xi Xp)(Xi Xq}(Xj X>p)(Xj *Eq) \%i ^p)\^i X q)\ X j X p)\ X j X <l) 

Then, Once the set {i,j,p, q} is fixed, the pair of suffix % and j which appear in the 
numerator has 6 patterns. By translating this possibility into the sum with respect to 
the set J (J C {i,j,p, q} ,\J\ =2), the representation on the lemma is justified. Since 
each 'unit' has 24 terms, the coefficient is calculated as 



r(r — l)(n — r){n — r — 1) 



n \ 1 fn — 4 



' ' 24 (f " ' " 2 



□ 
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8 Discussions 



As we can see in the last section, D 7 n (h 4: ) has some operators which cannot be expressed 
by Bij. But in the case of r = 1, it is natural to expect that we can express the higher 
order operator only by B it j, L iy and ms. In fact, D^h 4 ) except the scalar part is 
expressed as 



If we are going to use the denotation of B in general r case, probably we have to 
extend the meaning of suffix to the 'partitions'. To clarify the relation between these 
operators B it j and Dunkl operators and to express D r n (h k ) (k > 4) 'naturally' in some 
sense will be our next task. 
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